Econ 809 Macro Jan 6, 2011

Basic Review of Growth Models

% Deterministic and finite horizon growth model

» Single agent

» Decision: how much to consume and save in each period
» Time:t=0,1,..,T
>

Production function

Y, =F ( K. , N; )
output Ccapital Tabor
=  Qutput can be used for either consumption or saving
= Properties of F:
1) F(0,0) = 0 — no free lunch
¢ Stronger version: F(0,)) =0or F(-,0) =0
2) Strictly increasing in both arguments
3) Strictly concave in both arguments
¢ To be consistent with data, should also assume homogeneity of degree 1
4) Twice continuously differentiable

» Resource constraint:

Ce + Kip1 < F(Ki, Np) + <1 - é; )Kt

—— o
consumption depreciation rate

» Objective: maximize U(cy, ¢y, ..., CT)
= Note that utility does not have to be time separable.
= E.g

T
U(CO' Cl) LALD] CT) = Z .Btu(ct)

T 1/p
U(Co,cl, ---;CT) = [Z Cf]

t=0
= Note that leisure does not enter the objective function
= agent works his whole time endowment : N, = N

Let f(K;) = F(K;, N) + (1 — 6)K; — assume f(0) = 0 (the stronger version)

» Problem of the Agent

max U(cy, ..., C1)
{Co,Cl,...,CT;Kl,...,KT} 0 T

Subject to
C:+Kiy1 <f(Ky) t=0,..,T
¢G>0 t=0,..T
Kivq =20 t=0,..,T
Ky > 0 given
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Deterministic, Finite Horizon Growth Model

% Problem of the agent
g VG
Subject to
f(K)—Ci—Key1 =20 t=0,..,T
=0 t=0,..,T
K120 t=0,..,T
Ky, > 0 given
f(Kt) = F(Ktl N) + (1 - 6)Ktl 5 € [0,1]
f(0)=0

» To solve this problem, use a Lagrangean:

T
max U(Cy,...,Cr) + Z{At(f(l{t) — Kiy1 — C) + G + 0 Ky 1}

{CeKer1. et Wed =g t=0
with K, > 0 given.

First order conditions:

aU(Co, ..., Cr)
: e | =0 vt=0,..,T
t ac, ¢+ Ut )
af (K,
Keoq: —AﬁiHl%ﬂut:O vt=0,..,T—1
t+1
KT‘I—I: _/1T+(A)T:0 t:T+1

= A, shows how tight the resource constraint is binding.
= u. appears in consumption FOC so that it holds with strict equality.
= Attime T + 1, the constraint
f(KT+1) —Kr42 = Cr41 20
does not exist. Consider the Lagrangian:
U(Co, .., Cr) + {Ao(f (Ko) — K1 — Co) + poCo + woKq} + -
+ {Ar 1 (f (Kr—1) — Kr — Cr_) + py1Crq + w1 K7}
+ {Ar(f (K7) — Kryq — Cp) + prCr + wrKryq}
constraint at the terminal period
So when taking derivative w.r.t. to K1, 1, we only get
—Ar + wp = 0NN

Complementary slackness conditions:
Aelf(K) — Kpy1 — Ci] =0, A =0, vt=0,..T
u:Ce =0, s =0, vt=0,..T
WK1 =0, w; =20, vt=0,..,T

A sufficient condition for consumption to be strictly positive for all time periods:

au(c,, ..., C
tim Yo C) oy
Ct—>0 aCt
= ¢,>0, Vvt=0,..,T

= I’l't=0J Vt=0,,T
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» This is the first part of the Inada Condition (the other part is to guarantee that
consumption is bounded).

Since pu; = 0,
oU(Cy, ..., C
UG
0C;
thus the resource constraint binds in all periods (i.e. the agent never lets any resources go
to waste).

Given C; > 0 in all t, and f(0) = 0, it follows that K,,.; > 0 forallt = 0, ...,T — 1. This
implies that

ws =0, vt=0,..T—-1
At T, Ay = wy. Since A >0, it follows that wy > 0, and hence Kr,; = 0 (from
complementary slackness condition).

Substitute A; into the K;,; FOC:
aU(C,, ..., Cy)
=T oG,
(_ aUu(Cy, ..., Cr) N aUu(Cy, ..., Cr) . Of (K¢41) _
N i aC; 0Ce4q 0Kt 41

0 t=0,..,T—-1

f(Kt)_Kt'l‘l_Ct:O t=0,...,T
KT+1 == 0 t = T
Together with K, > 0 given, can calculate {C;, K¢ 41} .

K, A

»
|

0 T'+1 T+1 t

R/

« Moving to the infinite horizon, we need the utility function to have some recursive structure:
U= ule) + B Utt1, B €(0,1)
~—_—— —_——
period utility ~ constant factor

with u(C;) : [0,0) — R being

= Strictly increasing

= Strictly concave

= Twice continuously differentiable
» Example. Let

Uy = Z Bu(Crys)
s=0

» Tt is sufficient to assume that C; is bounded, and from the concavity of u(-), it follows
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that u(C;) is also bounded.
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Problem of the Agent in Infinite Horizon

% Objective:

max_ Uy = Z Bru(C,)
t=0

{Ce.Ker1}t20

Subject to
f(Ky)) —Kiy1—Ce=0 t=0,..,0
C:=0 t=0,..,0
Kiz1 20 t=0,..,0
K, given

» If there is no discount factor 8, the infinite sum diverges to infinity (in most cases given
the assumption of u(+)), then there is no way to compare different consumption streams.
» The assumption we have made guarantee that u(C,) is bounded. This is because C; is
bounded, which follows from the fact that K; is bounded:
» Assume that f(K;) = K. Then resource constraint is K = K;,1 + C;.
Suppose C; = 0. Then, K = K; ;.
Kt'+1
A

\

K, K K; K,
If Ky < K, then K; < K;,; and K; » K
IfK, > K, then K, > K;.; and K, > K, where K=K = K=1
Thus, KM4X = max{K, K,} and
Ki<oo = (<o = U<
for any feasible {C;, K;,1}i2 given K, > 0.
e From this it is apparent that diminishing marginal product is crucial.

» Reformulate the problem in terms of Lagrangean:
max X{ﬂtu(Ct) + Aelf (Kp) — Kppq — Cel + peC + 0 Kiyq 3, K, given
{Ct.Ker1}e20 —
First-order conditions:
Ce: Buc(C) — A+ =0
Kivri =2 + Apy1 fu (Keqr) + 0, =0
Complementary slackness conditions: for all t = 0, ..., oo,
Aelf(Ke) = Kepa —C] =0
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peCe =0
WKy =0
=0, u=0 =0
= Note that these are only the necessary condition of the maximum, but they are not
sufficient to guarantee a solution.

= Ifwe have Inada conditions on u(-):
1) limgouc(€) =
2) limeo,uc(C) =0
= (>0 = =0
= A = Buc(C) >0
= K1 >0, w:e =0

—Buc(C) + B uc(Crp)fx(Ker1) =0 t=0,...,00
= f(K;)) —Kiy1—Ci=0 t=0,..,0
Ky > 0 given

= Recall in finite horizon economy, the FOC w.r.t Kr, is
Ar+wr=0 = Ar=wr>0
We also have
Ar = BTuc(Cr)
wrKri1 =0
All three conditions imply that
ArKry1 =0 = BTuc(Cr)Kry =0
Then, the transversality condition (TVC) is naturally derived:
Th_{{)lo B uc(Cr)Kryq = 0.
This builds on the intuition that an infinite horizon model is the limit of the finite
horizon model.
e Identify the conditions that are particular in the last period of the finite horizon
economy, take them to the limit, and we will get the sufficient conditions that
guarantee the solution (cf. Stockey & Lucas Thm 4.15).
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Recursive Formulation of the Growth Model

% Restating the problem

K/
L4

o) f(Kt)_Ct_Kt+1ZO t=0,...,00
C,=>0 t=0,.., 0
max E tu(c,), s.t. t = y e
{Ct;Kt+1}gio ﬁ ( t) Kt+1 2 O t= Or vy X
t=0 _
K, given

Recursive Formulation:
> State variable: K

= Notice that we are dropping the time subscript in the recursive formulation
» Control variables: C, K’

»=  We use prime (") to denote the next period’s variable.
» To reformulate the problem:

f(K)—K'=C=0
V(K) = maxu(C) + BV (K"), s.t. {C >0
o K'>0
= Notice that K, given is not one of the constraints. The recursive formulation holds for
any given level of capital.
= Since the constraints hold with equality, it follows that

V(K) = Oslgr,lglz((K)u(f(K) —K') + BV(K')

= Givenu and f are twice differentiable, strictly increasing, strictly concave, and that
there exists KM4X (as defined in the previous lecture), the following results hold:
1) The V function exists, is differentiable, strictly increasing, and strictly concave.
2) K' = g(K), where g is time-invariant, increasing, and differentiable.
3) V(K) is the limit to (as s — )

VSti(K) = Oslr(rllgjg(mu(f(l{) — K"+ BVS(K') with VO(K)=0

Since the non-negativity constraint is not going to bind, the problem becomes
V(K) = maxu(f(K) — K') + BV(K")

FOC:
K': —u(f(K) -K)+ BW(EK) =0
costin terms PV of the
of today's utility benefit tomorrow

Recall that K' = g(K) = argmaxy u(f(K) — K") + BV(K'):

V) = u(f(K) — g(K)) + BV (9(K))
Taking derivative of V w.r.t. K yields

Ve (K) = uc(f(K) - g(K))[fK(K) —gx(K)] + ﬁVK(g(K))gK(K)
= uc(f(K) - g(K))fK(K) + [—uc(f(K) - Q(K)) + ﬁVK(g(K))]gK(K)

=0 by the FOC of K’

= uc(f(K) — g(UO))fx (K) > 0
» Why does gx not matter? Notice that gg is the marginal effect of saving. Iy measures
how a marginal change of capital stock influences utility. So when there is an increase in
K, there is extra resources, while the marginal decisions over consumption and saving are
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already handled optimally by plugging in the g function.
Note that

Ve (K") = uc(f(K") — g(K")f (K"
Then the FOC becomes

—uc(f(K) = K") + Buc(f(K") — g(K"))f(K') =0
The optimal solution is g(K) such that

—uc(f(K) = g(K)) + Buc (f(9(K)) — 9(9(K))) (9 (kD) =0, vK
Alternatively, the optimal solution is € (K) and g(K) such that
{f(K) —C(K)—g(K)=0

~uc(C(K)) + puc (C(9(KD)) fie(g(k)) = 0

A 45°

VK

K* K

AtK* = g(K”):
—uc(f(K") —K*) + Puc(f(K*) =K )fx(K")=0 = 1-=pf(K*) =0
» Uniqueness of a solution to this problem comes from the fact that f is strictly concave
(i.e. fx is strictly decreasing).

» Existence of the solution is guaranteed if f satisfies Inada conditions.

Thus, a unique steady state exists. When we define a domain, we have to make sure that it
encompasses the steady state value.

Page 8 of 54



Econ 809 Macro Jan 18, 2011

Stochastic Growth Model

< Assume Y, = Z,F (K., N), where Z, is subject to a stochastic process
» The Resource Constraint:
Co + Kip1 = Z,F(K., N) + (1 — 8K,
Z; is a random variable, known at the beginning of period t (i.e. Z;,, is not known in t)

> {Z.}{2, is a stochastic process (assume further that this is a Markov process), and can be
either continuous or discrete

1) Continuous: Z; € (Z, Z)
2) Discrete: Z, € {Z1,Z%,...,Z"}

» Markov assumption: to form expectation over Z;,,, we only need to know Z;
C+K' =ZF(K,N)+ (1 -6)K
V(K,Z) = rg;(\;iu(C) +BEWV(K',Z'|Z)], s.t.yZ~ Q.2

transition function

= Solution: g(K,Z)
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Stochastic Growth Model (cont’d)

% Problem of the agent (in recursive form):
C+K =zF(K,N)+ (1 + K
V(K,Z) =ma?(U(C)+BE[V(K’,Z’)|Z], S.t. yz' ~ Q(Z,Z’)
CK A il
_ transition function
> Recall that Output = z,F (K., N), where z, is the total factor productivity (TFP)
> {z.}{2, follows a stochastic Markov process
1) Discrete case (Markov chain)
Z={z%,..,z"}, where n € N
Z is the set of all possible realization of z. Il is an n X n transition matrix with
element 7r;
m;; = Prob(z’ = zJ|z = z')
Now the problem becomes

n
V(K,z!) = 1}13;(11,(6) + BZ m;V(K', 2,
, T
s.t. C+K' =Z'F(K,N)+(1-8)K, VK,\Vi=1,..,n

e Example. Suppose
TLH

_ (. L _H _ L 1—my
Z ={z"% 2"}, I1 1— 1y T
THIL
VE(K) = maxu(Ch) + B{m, V(K + (1 — m, )VH(KD)},
=V(K,zL) chK
s.t. Cb + KX =z'F(K,N) + (1 — §)K, VK
VE(K) = cn’}?()il u(C) + p{(1 - 7THH)VL(KH) + T[HHVH(KH)}:

s.t. CH + K" =zHF(K,N) + (1 - §)K, VK
2) Continuous case
Z =|z7z], 0<z<z< o
with the associated o-algebra being Z. The transition function is defined by
Q:Zx2Z-[01]
For example, Q(a, A) = Prob(z' = A|z = a). Then the problem becomes

V(K,2) = maxu(C) + B f VK, 2z d2),
s.t. C+K' =2'F(K,N) + (1 - 8K
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Endogenous Labor/Leisure

o,

< Let L, denote leisure, and L be the time available for work and leisure in a period (i.e.
endowment of time).
L+N, =1L
» Note that the time constraint holds with equality here!
» The time constraint can be more complicated by including other uses of time, e.g. non-
market labor.
> L is sometimes referred to as “discretionary time”
> Frequently, L =1

« Utility function: u(Cq, L¢).
» Assumptions:
(1) Twice continuously differentiable
(2) Strictly increasing
(3) Strictly concave in both arguments
(4) Inada conditions

% Problem of the agent (deterministic case):
[00]

t
max § Bu(C, L),
{Ct.Ke+1,Le.Ne}i2o e

(Ce + Kiyqy < F(Ki,No)+(1—-68)K, teNuU({0}
L.+N,=L teNu{0}
C;=0 teNu{0}
s.t. < Kiy1 =0 teNuU{0}
L.=>0 teNu{0}
N, >0 teNuU{0}
\ K, given
» Given Inada conditions on u, it is sufficient to just assume F(0,-) = 0 to guarantee
interior solution for the choice variables.

o,

% Suppose the marginal product of labor evolves stechastieally over time. How does labor react
to a temporary increase (or decrease) in the marginal productivity of labor?

MP. 1 = VK, we can get more output of N;
F(K,, Nt)“

» 3 effects:
(1) Income effect: agents want more consumption and leisure — 1 N,
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(2) Substitution effect: opportunity cost of leisure is higher — T N,
(3) Intertemporal substitution effect: T N; today — accumulate more capital — save on
labor tomorrow
e Temporarily more productive
— work more and save more capital for tomorrow
— tomorrow can work less
% 3 margins (or trade-offs) in growth model
(1) Cp v.s. Ceqq
(2) Cyv.s. Ly
(3) Ly v.s. Lyyq

max Zﬁtu(Ct), s.t. {Ct +.Kt+1 = f(K)
{Ce.Ke413820 i K, given
FOC:
—uc(C) + Puc(Cri1) fx(Key1) =0
Steady state:

—1+Bfx(K*) =0
Since K™ is independent of u, does the Intertemporal trade-offs of C matter? Suppose

ct-7 -1
u(C) =——, cg>0
1—o0
K,
[} 0, > 0y
K* L oo oo
Ky

t

= To get to K* faster, we need to sacrifice more consumption today. A higher o implies
that it is more painful to give up consumption today for consumption tomorrow.

» C; v.s. L;. Abstract from capital:
Cy = z¢N,
max tu(c,, L,), s.t. {t et
{Ct,Nt,Lt}‘g‘;O;’B (e Le) Ne+L, =1
= max u(z;N¢, 1 — Ny)
t
FOC
uc(Co)zy —u, (1 —Ny) =0, where C; = z;N;
How does labor depend on z,? Suppose T z;.
= Income effect: | N;
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= Substitution effect: T N;

Suppose z; has a trend.

= Ifincome effect dominates: N; -0
= [fsubstitution effect dominates: N, — 1

In general, if the utility function is
1-0

u(C,L) = T % v(L), where v(L) is strictly increasing and strictly concave

Then, N; does not depend on z, (income and substitution effects cancel).

> Lt V.S. Lt+1'

C C, + Kypy = 2,F(K,, N,) + (1 — 6)K
max tu(C,, 1 —N,), s.t. { S t
{Ct.Kt+1.Nt}§‘;0; Brult 2 Ky, > 0 given

We have all three effects:
» L;v.s. Lyyq: Intertemporal substitution effect
— if z, is temporarily higher
— TN toT Kppq
— 4 Neys
e (Capital allows to save on labor in “bad” times
e With capital, even if we assume a utility function that leads to the cancellation of
the income and substitution effect, there is still the avenue that affects labor
decisions through capital accumulation.
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Economic Growth (cont’d)

% Labor augmenting production function:
Y, =z, F (K., y*Ny)
with labor-augmented productivity y;.

« Utility function (o > 0,0 # 1):

1-o

T Gv(L)

u(C,L) =

» Alternative (6 = 1),
u(C,L) =InC +v(L)
» C.f. King, Plossor, Rebelo (1988).

K/

< Problem of the agent
t
{c, Kt+1 Nt}t 0 Z p

< Detrending. Let X, = ==

— t —
v(l ~ N, St {Ct + Kiy1 = F(Ke, y*Ne) + (1 = 6K,

Ky, > 0 given

» Detrending resource constraint:

Ct KL‘ 1 A = PN -~
ol ytL V=1 F(Kt' N+ (1 - 5)— = C+yKiy1 =F(R,N,) + (1 - 8K,
» Utility functlon
t(l o) ®
t 4 t(1-
Zﬁ v(1 Ng) - t(l g = Z[j . U(l—N)y( -0)
t=0
= Z [By'~ ”] v(l —Np)
t=0 B=py'=o

Be(0,1)

R/

« The problem becomes

C, +vK;1 = F(K,N,)+ (1 -8)K
Z'gt v(l N, St {At V&eiq ( t t) ( K,
{c, Kt+1 Nt}t 0 Ko > 0 given
» FOC’s:
Revi: —yBCTov(1—N) + ﬁt+1Ct_+o-1[Fk(Kt+1rNt+1) +1- 6]77(1 —Nep) =0
Al—o
Ne: Bro—v (1= N+ f* Crov(1 = Np)Fy(Re, Ne) = 0

Ce +yResr = F(I?t.Nt) + (1 - 8K,

Ky, > 0 given

TVC

We need to write the resource constraint because we used C; in the FOC’s, so we need
the constraint to specify what C; is. — small price for neatness.

Page 14 of 54



Econ 809 Macro

Jan 27, 2011

% Steady state: C, = C*, K, = K*, N, = N*. Impose on FOC
—yC* "v(1 = N*) + BC  v(1 = N)[F (R, N*) +1-6] = 0

5 —1+§[Fk(1?*,N*)+1—6]=0

B 17 * *

= —1+y—0[Fk(K N )+1-68]=0

» Recall in the non-detrended model, the steady state is

-1+ B[F(K*" N )+1-656]=0
From labor’s FOC:

C*v,(1—N* _
—% +v(1l—N)Fy(K*,N*)=0
s F,(K*,N") v, (1-N")
C v(1-N)(1—-0)

0

From resource constraint:
C*=F(K' N)+(1-8§-pY)K"
The steady state is characterized by these three equations.
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Detrending the Growth Model (cont’d)

R/
A X4

*

Problem of the agent

[o9)
max Zﬁt
{Ce.Kt+1.Ne}de2o e

i Cr + Kepq = F(K,, YEN,) + (1 — 8K,
1= Gv(l - Nt)}, s.t. {Ko > 0 given

Let
. C ~ K
Note (due to constant returns to scale):
F(K:, v'Ny) >
—r - F (Ke, Ne)

The detrended version of the model becomes

Oo _ C’"l—a a —~ _ e B .
. max Z ﬂt { ¢ v(l — Nt)}! s.t. {Ct + Kt+1. F(Ktl Nt) + (1 S)Kt
(CoRer1Netzo 20 =[pyi-o]t 1-0o K, > 0 given

Steady state: {C*, K*, N*} such that

1 -1 +)/£0[Fk(1?*,1v*) +1-6]=0
F,(K*,N") vo(1-N*)
@ = A ova=n

3) C*=F(K" N)+(1-6-y)K

Let C; = C*yt, K; =Kyt Y =Vt =F(K*,N*)y!
Ve _ Cona _ Ko _
Yo oG K¢

Note: N = N*.

K¢ Ky

— = —5———~— = constant.
Y,  F(K*,N*)y

The balanced growth path is achieved when
(1) Output per hours worked grows at a constant rate
(2) The capital-output ratio is constant
» The balanced growth path and the steady state are just two sides of the same coin.

Calibration.
» Assume some functional forms:
F(K,N) = KON1-F
v(1—N) = (1 - N)*(@-2)
So the period utility becomes
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YV VYV

[C.(1— N)*]' ™7

1—o0
The steady state conditions can be rewritten as

~.\ 0-1
B, (K
{5

W 143

)(R* /N*)Q ~ a(l _ O')(l _ N*)a(l—o‘)—l
C* (1-0)(1—N*)e-2
3) ¢ =R°NTC L (1-65—EK*

+1—6]=0

2 1-06 =0

Decide on period length (what is a period: e.g. month, quarter, year, etc.)
Pick a sample period (what period we take the data from: e.g. Q1:1964 — Q3:2010).
Idea: pick parameter values so that the model’s implications are consistent with the data
over the selected sample period.
=  Unknowns: a,f,98,v,0,0
= [f we use an alternative utility function:
InC; + aln(1 — N;)

Then we don’t have to calibrate o (or simply pick some o, e.g. 0 = 2, for the original

specification for utility).
» y:Given Y7, ,/Y/, pick y to match the growth rate of GDP per capita
0 : given the production function Y = F(K,N) = K%(1 — N)*~? has the property

y 7 Yy
Assume factor of production are paid their marginal product. Then,
F,K income derived from capital

Y total income
F,N _ income drived from labor 1—g
Y total income B

e From the data, get the sample average for
K. Ct
Y.’ Y;’

4 : given the two ratios, equation (3) implies the value of § (just divide both sides of

(3) by Y7)

P : then (1) is going to imply S (use the property of Cobb-Douglas function to get

capital-output ratio)

= a:using N* and (2) we can calculate a.

N

To study business cycles
= Use this calibration
»  Assume that Y; = z,F(K,,y*N,), and specify a stochastic process for {z,}
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Competitive Equilibrium (Decentralized Solution)

R/
A X4

Firms (owns only technology)
» Maximize profits
» Produce output using capital and labor as inputs
» Do not own the factors of production
* Firms owning only capital simplifies the problem, so that they don’t face
intertemporal trade-offs.
» Production technology: Ve = z:F (ke ny)
= Note that lower-case letters denote individual choices and capital letters denote
aggregate values.
{z:}72, follows a stationary Markov process: z'|z~ Q(z,2z')
N il

transition function
= 7 is common to all firms — there is no idiosyncratic risk, only aggregate risk.

= F has the usual assumptions (cf supplementary notes)
» Goods and factor markets are competitive. Normalize the price of output to 1.

Problem of the Firm
maXZt-F(kt, Tlt) - Tt kt - Wt nt
kt,nt N

interest wage
rate rate

» 1, and w, are going to the prices that clear the factor markets.
» Aggregate state variables: K (aggregate capital stock), z
» Factor prices: r(K, z), w(K, z)
Rewrite the problem of the firm:
max zF(k,n) —r(K,z)k —w(K,z)n

First-order conditions:

k: zF¢(k,n)—7r(K,z)=0

n: zFy(k,n)—w(K,z) =0
Since F is homogeneous of degree 1, Fyx and Fy are homogeneous of degree 0. Then, the
first-order conditions can be rewritten as

k
zFy (—, 1) =r(K,z)
n = = is the same for all firms

zFy (%, 1) =w(K,z)

This implies that

» All firms choose the some k/n ratio.

» Therefore, the “size” (i.e. output) of a firm is indeterminate, because we only know the
ratio of the two inputs, but not their levels.

» Number of firms is indeterminate.

By Euler’s theorem for homogeneous functions:
F(k,n) = Fy(k,n)k + Fy(k,n)n = zF(k,n) = zFx(k,n)k + zFy(k,n)n
Use FOC’s:
zF(k,n) =r(K,z)k + w(K,z)n = firms make zero profits
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Thus, we focus on a single, representative (price-taking) firm.
max zF(K/,N") —r(K,2)K' —w(K,z)N
Kf N

where K7 is the demand for capital by the representative firm, and N/ is the demand for
labor by the representative firm. FOC’s:
K': zF(K/',N')—7r(K,z) =0
N/ : zFy(K/,N/)—w(K,z) =0
In equilibrium, K/ = K (market clearing condition for capital market).
» K is the aggregate capital stock, which is also the aggregate supply of capital by
households.
» Note that capital is supplied inelastically by households

Also, in equilibrium, N = N(K, z) (so that labor market clears)
> N(K,z) is the aggregate labor supply by households given K, z

Thus, in equilibrium:
{zFK(K,N(K, z)) = r(K,z)
zFy(K,N(K,2)) = w(K, z)

X/

% Households.

» There is a continuum of (mass 1) ex-ante identical (same starting conditions and same
preferences), infinitely-lived, households.

» May own capital and are endowed with one unit of time per period.

> Aggregate state variables: K, z
» Individual state variable: k

+* Problem of the household
VkK,2) = max{u(c,1 —n) + BE[V(K', K', 2")|z]}
Cc,Kk ,n

subject to
c+k'=rK,2)k+w(K,z)n+ (1 —-906)k
c,k'>0
n € [0,1]
K'=H(K,2z), [law of motion for aggregate capital]
z'|z ~ Q(z,2")

» Note that capital is supplied inelastically when interest rate is positive
» Assume that depreciation is paid by the household

% A Recursive Competitive Equilibrium (RCE) is a list:

> A value function (for households): V(k,K, z)

> Individual decision rules: c(k,K,z), h(k,K,z), n(k,K,z)
> Aggregate (per capita) policies: C(K,z), H(K,z), N(K,z)
» Factor prices: r(K,z), w(K,z)
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such that VK, z:

(1) Households maximizes utility, i.e.
{c(k,K,z),h(k,K,z),n(k,K,z)} = arg n}cax{u(a 1-n)+ BE[V(k',H(K,2),2")|z]}
C,K' ,n

subject to
c+k'=rK,2)k+w(K,z)n+ (1 -8k
c,k'=0
z'lz~Q(z,2)
and

V(k,K,z) =u(c(k,K,2),1—n(k,K,2)) + BE[V(h(k,K,2z),H(K,z),2')|z],  Vk
(2) Firms maximize profits, i.e.
r(K,z) = zFx(K,N(K, 2))
w(K,z) = zFy(K,N(K,z))
= Note that the market clearing conditions in the factor markets is (implicitly)
embedded in these two equations, which imposes, for example, K/ (K, z) = K and
N’/(K,z) = N(K, z). This way, we don’t have to worry of clearing these two markets
later on.
(3) Consistency (sum of individual choices equal the aggregate):
c(K,K,z) =C(K,2)
h(K,K,z) = H(K,z)
n(K,K,z) = N(K, z)
(4) Market clearing (in the goods market):
C(K,z) + H(K,z) = zF(K,N(K,2)) + (1 — §)K

Page 20 of 54



Econ 809 Macro Feb 24, 2011

RBC Model

R/
A X4

X/

In applications, we assume:
» Technology:
Y, =K (y'N)*%, vy =1, 6 €[01]
Inz, =plnz,_; + ¢, e ~ (0,02)
= Note that the measure of z; is model-dependent. Change a production function, the
values of z; will change.

» Preferences:
a(l—n)' %

11—y

v(f)

u(ey, ;) = In(cy) + a>0 =0

=y governs the volatility of hours
» Period length: 1 quarter.
» Sample period: post-war developed economies

Benchmark case: only shocks to z;

(1) Can explain about 2/3 of the volatility in GDP per capita.

(2) Explains (more or less) well consumption and investment behaviors; however,
consumption is too smooth relative to the data.
= One way to make consumption more volatile is to introduce frictions in the model

(3) Hours worked are smoother (or less volatile) than in the data
= (Can use y to mitigate this problem, or incorporate labor market frictions

(4) Average labor productivity (Y;/N;) and total hours (N,) are highly and positively
correlated in the model; whereas in the data, this correlation is either zero or slightly
negative.
= To fix this problem, again, need to introduce friction or heterogeneity, etc.

Extensions / Variations
(1) Impulses, e.g.
= Shocks to taxes or government expenditure (reduces the role of z;)
= Energy price fluctuations
=  Monetary policy
(2) Propagation mechanisms, e.g.
=  “time-to-build” — investment takes some time to mature
= Adjustment costs in investment
= Indivisible labor
= Monopolistic competition
= Variable capital utilization
= Habit persistence in consumption
= Asymmetric information
= Labor market frictions, e.g. search costs
=  News (information) shocks
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Extension and Re-interpretation

% Indivisible labor. Suppose

- {T_l work
£t~ 10 notwork

» Labor pays a wage w per hour worked.
» Let A be the probability of working
» Consider an insurance market for employment status.

= A contract offers 1 unit of consumption if agent does not work and 0 otherwise.

= Let g be the amount of insurance purchased, and p be the price of a contract.

= Insurance market is perfectly competitive = insurance firms make zero expected

profits on each contract

» Agent’s problem.
m(?xl[u(cw) +v(1-n)]+ A —Dulcy) +v(1)]
where
Cw =wn-—qp
ey =q(1=p)
First-order condition w.r.t. q:
—Auc(ew)p + (1= Duc(ep)(T—p) =0
Since insurance firms make zero expected profit,
Mw+A-Dp-1)=0 = p=1-1
Plugp = 1 — A into FOC:
—A(1 — Du(cy) + (1 —DAu(cy) =0
= uclew) =ucley) = ecw=cy=c
= wi—qp=q(1-p)
=> win—q(1l—-21) =qA
-
S
= Note that the separability of consumption and leisure preferences is important in
deriving this result.

» Consider an agent choosing A (probability of finding a job)
mfxu(wﬁ/l) +Av(l-n)+ A -D)v()
FOC:
u(wnwn+v(l—n)—v(l) =0
=A<0
u.(wn)wn+A =0

» Consider a planner that solves the following problem:
maxll[u(cw) +v(1-n)]+ 1 —-Dluley) +v(1)]
Cw.,CN,

subject to
/1CW + (1 — /1)CN = Awn
—— ~————— X ——
fraction fraction of income generated
of workers non-worker by workers
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FOC’s (u is the Lagrange multiplier):
Cw Auc(CW) - .ul = 0} _
e (1= Mugley) —p(—2) =0f ~ Melw) = telen)
= CW - CN =C
= ¢ = Awn, [substitute previous line to constraint]
Use this result to simplify the problem of the planner:
max u(Awn) + Av(l —n) + (1 — D)v(1)
which is the same as the agent’s problem = same solution as the agent.
= This shows that the agent’s solution is the first best.

» Consider the problem of an agent with (infinitely) divisible labor choice, with linear
disutility of working:
m’?xu(c) —ah, s.t. ¢ = (wh)h
= max u(wnh) — ah
FOC:
u.(wnh)win —a =0
= This is the same equation that governs the agent’s labor decision in most models
(with or without capital).
» Leta = A. Then,
u.(wnh)wn+A4A=0 = h=21
= This shows that, with perfect insurance market, the solution of indivisible labor
problem is equivalent to the divisible labor problem when labor preference is linear.
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Home (or Household) Production

% Observations (from surveys):

X/
L X4

>
>
>
>

>

People spend about 25% of discretionary time in household activities (e.g. cleaning,
cooking, etc.)

People spend about 33% of discretionary time is spent working for paid compensation, i.e.
market activities.

The rest would be considered leisure time.

Investment in household capital (e.g. consumer durables and residential) is greater than
investment in market capital (e.g. machines, non-residential estates)

Home output is about 25 — 50% of GNP (depending on various ways of measuring)

Model: Problem of the household

t
max o Z B ulcme, Cuelme Nae)
{CMt:CHt'kM(t+1)'kH(t+1)'th'nHt}t=0 t=o

subject to

cme + kyer) + Kuesr) = Tekye + wenye + (1= 8y ke + (1 + 8 ky,
cue = g(kye, nyge)

ka0, ko given

e =1—ny —np,

non-negativity constraints

» Note that while home production is not marketed, capital for home production is.

>

Assumptions on g
9>0, >0, G <0,  Gnn <0

Define another function

v(cy, ny, ky) = rrrllaxu <CMrg(kHrnH) o TLH)
H _,—/

CH

Hence, the problem can be rewritten as

oo}

max o z Brv(cye mes Kie)
{CMt,th»kM(H1)»kH(t+1)}t=O t=0

subject to

cme + ks t Kuesr) = Tekye + wenye + (1= 8y ke + (1 — 6 ky,
ka0, ko given
non-negativity constraints

» Hence, the problem becomes one where one can interpret it as households having

preference for an extra consumption good call “home capital”.
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Optimal Policy

«» Environment:

>
>

Continuum of agents (mass 1) [can also start with representative agent, same result]
Technology: y; = Ain;

= Note that we abstract from capital, and the technology is constant returns to scale

» {4}, given, (i.e. known in t = 0).

Preferences: u(c,1 —n), with standard assumptions and u., = 0 (consumption and
leisure are separable in u)

Government: needs to finance a given sequence of expenditure {G;}{2, (known at t = 0)
= Use taxes on income T, (in this model, income and production are the same thing)

= (Can issue one period bonds

= Notations:

e Let B; be the stock of bonds at the beginning of t (which mature in t); B;, is the
stock of bonds issued in t that mature in ¢ + 1.

e Let g, be the price of a bond that pays 1 unit of consumption in t + 1 (discount
price). So q; measures how much one is willing to pay today for 1 unit of
consumption tomorrow.

e Initial stock of bonds, B,.

= Government budget constraint (per period): at each ¢

Ge+B, =71+ qBeyq
N———— N— e
total expenditure total revenue
int int

where Y; = A;N;, N; being the aggregate labor

Problem of the agent. Given {7, q;};=,, the agent solves the problem:
max Z Btu(c, 1 —n,)
{cemebira}io —

Ct + qtbt‘l‘l = (1 - ‘L')At‘l’lt + bt' Vt = 0,1, e
b, given

subject to

= Even though there is no capital, there is still dynamics in the economy because there
are bonds. This shows two channels via which we can introduce dynamics into our
models.

= Note that without capital, having a firm which rents labor from the agents or letting
agents own firms and producing themselves are completely equivalent. This is not the
case if there is capital (since constant returns to scale happens to both k and n at the
same time).

First-order conditions (use ¢; = (1 — t.)An; + by — q¢b;4, for simpler notations):
ne: Bluc(c) —1)A — Bu,(1-n) =0
bty —Btuc(c)qe + B uc(ere) =0, vt=01,..
¢t = (1 —1)Amn; + by — qebeyr
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Transverality condition:
tll_)rg Bruc(c)qihesr =0
and b, given.

» In equilibrium, given b, = By:
¢ =C
nz — Ntt and b1 = By

We now have
1) u(C)A—1)A—u,(1—-N)=0

2) —uc(C)qe + Puc(Cryq) =0
3) Ct = (1 —1)ANe + B — q¢Bryq
4) Gt + By = T A¢ Ny + 4By

Rewrite (4) as
By — qtBiy1 = T ANy — Gy
Substitute this into (3):
Ce = (1 —1)AN; + 1, AN, — G,
= [Ce+ G, = AN |

This is the resource constraint.

= Note that this differs from the standard model in that all goods produced (RHS) is
completely spent on either consumption or financing government debt; whereas in the
standard model, where there is capital, we have capital accumulation (i.e. K;,;)

= The instruments, 7, and B;, will decide how much weight is put on C; and G;.

From (2), we have the price of bonds at t:
Uc (Ct+1)
9t =B——F~

uc(Cp)

«» Bench mark cases.
» Case I (no supply of bonds): B = 0 forall t = 0,1, ...
{C;, N¢, 14352 satisty
B) u(C)A—-1)A;—up(1—N)=0
(6) G =T AN,
(7) Ci+ G, = AN,
forallt =0,1, ....

From (6), we have
B AtNt

Tt
Plug it into (5), we have

Gy
" (C)[A ——A]—u (1-N)=0
[AcN; — G¢]

= u(Cp) N
t

—up(1-N) =0
Use (7),
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uc(C)C —up,(1 —Ng)Ne = 0

Given {G;, A:}i2 o, {Ct, Nt 312 solves
uc(C)C —up(1 = NN, =0
Ct + Gt S AtNt
forallt = 0,1, ....

= Example (assume a functional form for u):
u(C,1—=N)=InC + a(1 — N), a>1
Then,
1 1
(8) CtCt aN; =0 = Nt—a
This implies for (7) that

Ct+Gt:&:> Ct:&_Gt
a a
And for (6),
aG,
T = A_t

e Comparative statics:
TG, = | C; (one-for-one)
= Tt
= no change in N;

T4; = 1TC
=l
= no change in N;
All effects are felt in t because there is intertemporal trade-offs (note that no
supply of bonds basically rids the model of dynamics).
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Optimal Policy (cont’d)

% Problem of the agent (cont’d).
Given {1, q: }{2,, the agent solves

oo
max _ E Btu(c, 1 —ny.)
{cober1ne}iZo o

Ct + qtbt+1 = (1 - Tt)Atnt + bt, vVt = 0,1,
with by and {A4,}{2, given.

subject to

+» Competitive Equilibrium.
» Given By, {A;, G, Beyq}i2o, @ competitive equilibrium is a sequence {C;, N, q¢, Tt }i=o

such that
(D u (€A —71)A; —up(1 — Np) = 0
(2) Ce + Gy = AcN;
u.(C vt=20,1,...
(3) qt — B C( t+1) ) t O; )
uc(Cp) J
(4) Ge + By = 1 AeNy + q¢Bria
and the TVC

(5) tll_glo Buc(C)q:Bryq = 0.
* Note that we could alternatively take {7.}{2, as given, and use {B;}{2, in the
definition of the CE.

» Take (4): G; + By = 1:A¢N; + q:B¢41, Vt = 0,1, .... Sum over all periods:

Z[Gt + Br] = Z[TtAtNt + q¢Bri1]

t=0 t=0

z Bru (C)I[G, + Br] = Z Bruc(C[r ANy + q¢Beiq]
t=0 t=0

L () 0= ) FuCOlreANe = Gel + ) Fruc(CqeBes = ) Fuc(COB,
t=0 t=0 t=0

()

Use (3) on (*):
(e
() = Z Btu.(Cp) %(;t)l) “Biyq — Z Btu.(C)By — u.(Cy)By
t=0 ¢ t=1
= B (Coi)Bera = ) Bue(COB, — 1e(Co)By
t=0 t=1

Use (3) on (5):
(%) th_)rg B uc(Cer1)Beyr =0
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Therefore, we have (*) converging to
oo

[oe)

() = D B U (Cern)Bess = ) B uc(COBe = ue(Co)Bo

t=0 t=1
—0 due to (*x*)

= —u.(Cy) By
Then, (***) becomes

(xxx)" 0= Z Btuc(COH[Te AN, — G] — u.(Co) By
t=0

Use (1) to get
u(CHA —u (CHT A —up(1—Np) =0
= (1) u(CtAr = u(CA —up(1 = Np)

Then (+**)" becomes

0= Z ,Bt [uc(Ct)TtAt Ne —uc(C)Ge| — uc(Co)By
t=0 use (1)/

= D B (COAN, = s(1 = NN, = ue(C)Gel = e (Co)Bo

t=0

From (2): Ct = AtNt - Gt

0= D B Tuc(COC, = up(1 = NINe] = e (Co)Bo
t=0

This is the Implementability Constraint. (2) is also a constraint:

[Ct+G . =AN| VvVt=0]1,..

% Problem of a benevolent government:

[00]

max z Btu(C,, 1 — N,)

{CuNeI2
t=0 £=3

subject to
Ct + Gt = AtNt’ vVt = 0,1, e
D B ue(CC = (1 = NNl = (C)Bo = 0
t=0

B, given
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Optimal Policy (with Debt) (cont’d)

% Recall the equations we derived last time:
(1) u(C)A —71)Ar —up(1 = Np)

(2) Ct + G = Ny
_ lguc(Ct+1)
(3) q: = uc(Ct)

(4) By + Gy = 1t A¢N¢ + q¢Br v
(5) tll_)rg B'uc(C)qeBesr = 0
» Agent’s budget constraint:
¢t + qebeyr = (1 — 1) A + by
In equilibrium, we have the resource constraint
Ci + q¢Bry1 = (1 — 1) AN, + By

X/

% Problem of the (benevolent) government

Zﬁtu(ct, 1-N,)

{Be+1,7ts Ct Nt}t 0

subject to
qdt
ﬁuc(6t+1)>
B.+6G, =1t AN +|————|B
t t tAg Vg ( u.(C,) t+1
Ct + Gt = AtNt
u(C)A(1—1) —up(1—N;) =0
B, given
tlim B+ uc(Cre1)Beyr = 0
forallt =0,1, ....

» The government is maximizing social welfare subject to that agents behave competitively.
» Last time, using (1) — (5), we derived the implementability constraint:

D B Tue(COC = ued = NIN;] = (C0)By = 0

» This simplifies the p;oblem of the government to the following:

max_ Z Btu(C,, 1 —N,)
t=0

{Ce.Ne} 2o

subject to
Ct + Gt = AtNt' Vt € {O} UN

D B Te(COC, = (1 = NN, = ue(C)Bo = 0
=0

B, given
= Note that with the first constraint, we can further reduce the number of choice
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variables.

% Let:u(C,, 1 =Ny =InC; + a(1 — N,).
» The implementability constraint becomes

Z,Bt[ C, —aN,| - B0
Ct Co

Zﬁt[l——Ct Gt B o
Ay Co

» The problem of the government becomes

Zﬂt[l o+ a1 -220)]
max n a -
{C}t2o ‘ Ae

B
Zﬁt[l——a Gt CO 0
t 0

BO given
Let a; = a/A;. When taking first-order conditions, take note of the difference between
the initial period and the other periods.
= Here we’re also assuming that government commits to its policy decision at t = 0.

Use C; + Gy = A¢Ny:

subject to

Let A be the (only) Lagrange multiplier. The FOC’s are

1 B,
CO: C_O_ao‘}'/l +C_g :0
Uc—Uyp

Ct : Bt [__ Olt] Aﬁtat = 0 Vt = 1,2, e

= A= -1 & a;C; isconstant Vt > 1
atCt N——

= Note that

1 [ 1 1” Bol

— — Uy = j— Ao — —

C¢ ° la.cC, 0 ¢

© (me-)=Ge- )02 e)
= — = —_ —_—

ayCy a;Ct Co apCy

B
M) D B -l - abl - 5= 0

0

The latter two equations characterize the solution of the government’s problem.

» Assume By = 0. Then,
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a A
- Ct = Ct - CO

a
a0C0=atCt = _C():A 4
t 0

Ay
(7) implies that

1—-a.C
g Zﬁtatc‘t =0 > 1-a6=0 —ﬁ)Zﬁ @,
. g
= (= g
ag
> le,=4,—9, wvi=o0
The implied labor decision is
Ct + Gt 1 - g Gt
t A, t a A,
» What about policy?
Use (1):
1 aC
_At(l - Tt) - = 0 = 1 - Tt _t(— OltCt)
C; Ay

:>, Vt=0

So, constant tax rate, i.e. tax-smoothing.

Use (3) to get the price of bonds:

e _ [ _PA:

q: =

q: =

Cesr Aptq

Use (4) to get the sequence of debts

BA
G¢ + B = TA(Ny + q¢Beyy = Gy + By = g[Ce + G¢] + 2 : Bt
t+1
1—-9g)A A
= (1- )Gt_Bt=g( 9) t"‘f tBt+1
t+1
t+1
= Bty = ﬁljl-t [(1 -9) [Gt ] + Bt]

= Since tax rate is constant, debt has to absorb the temporary variation in the
government expenditure. It is better to use debt than taxes because agents prefer
consumption smoothing, and too much changes in tax rates will mess up the
consumption smoothing. However, since debt is just a saving instrument, agents can
use debt to smooth out variations in the economy.
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Optimal Policy (cont’d)

« Planner’s Problem
[ee]

max tu(C,, 1 — N,
{Ct;Nt}gio; Brult 2

subject to feasibility/resource constraint:
C; + Gy = A(Ny, vt=0,1,..

The solution is characterized by {C;, N;}{2, such that
u(CA: = up(1— Np)

Ct + Gt = AtNt
forallt = 0,1, ....
» Ifu(C,1—N)=1InC+ a(1 —N), then
A; c A;
— = = =
Ct * T a
N 1 G
= =———
P a A

So when utility is linear in leisure, labor is going to absorb all the variations in G, while
productivity shocks affects only consumption.

¢+ Competitive Equilibrium with no debt is characterized by {C;, N;, T;}{=, such that
u(CA(L — 1) = up(1 = Ny)

Ct + Gt = AtNt
Ge = 1 AN,
forallt =0,1, ...
From the last equation, derive tax as
T AN,

and sub into the first equation

G
U (€A |1 = 5| = et = M)
{uc(ct)ct = u,(1 — NN,
Ct + Gt - AtNt

» Assuming the same utility form as in the planner’s problem, we have

So as opposed to the first best case, the competitive equilibrium (in which taxes are
distortionary), consumption absorbs all the variations in both A; and G;.

X/
°e

Optimal policy with taxes and debt
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» Recall the CE (with debt) is
uc(C)(1 = G Ay = up(1 — Np)

Ci + Gy = AN,
q. = ﬁuc(ct+1)
‘ u(Cp)

_ By + Gt = 1 A¢Nt + q¢ By
gl_fg Btuc(C)qeBesr = 0

» Implementability constraint is
co

D B e (COC, = (1 = NN, = ue(C)Bo = 0
t=0
= Additional constraint
C: + Gy = AN, vt=0,1,..
= Compare with the no debt case, instead of satisfying the constraint
uc(Ce)Cy — up(1 — NN,
every period, debt allows the benevolent government to just satisfy this constraint “on

average” (i.e. a weighted average by ). So debt can be used to absorb some of the
variations.

% Let {C}, N/ }2, be the first-best (FB) allocation. In particular, the sequence satisfy
uc(C)Ar = up(1 — Ny)
C{ + Gy = A N{
Can the FB be implemented in a CE with debt and distortionary taxes?
» Atthe FB,

Zﬁt ue(CICE = u(C) AN; | = 1e(€5)By = 0

Ct+Gt

=Y Buc(C)G, = u(C5)By = 0
t=0

B Z tu.(CHG, <0
0o~ uc(CO ptu.(CP)G,

= [If the government wants to implement the FB, it has to start with a large enough
amount of savings (negative debt), so that it does not need to use distortionary taxes

to finance G;. So what the government’s tax smoothing is in fact “distortion
smoothing”

= This is called the “war chest”.
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Optimal Capital and Labor Taxes

% Environment—a variant of the standard neoclassical growth model

Preferences: u(c, ¢) with standard assumption, and additively separable in ¢ and £
Technology: y; = z.F(k;, n;), where F satisfies the usual assumptions, and {z;}{2 is
known att = 0.

>
>

>

Government
= Benevolent, and can commit to future policy choices
= {GJRisgivenatt =0, with G, € [G,G],0< G <G < .
= Instruments to finance G;
e (Capital income taxes — no capital depreciation tax allowance (for simplicity)
e Labor income taxes
¢ It’s important to have a complete tax system, i.e. a tax system that targets all
the trade-off margins that a planner faces. In this setting, two tax instruments
would suffice, namely, one for the consumption-leisure trade-off (labor
income tax) and one for intertemporal consumption trade-off (capital income
tax).
e One-period bonds
* Government Budget Constraint (GBC)
B, + G, = tfn.K, + t¥w,N, + q;B;,,, Vt=0,1,...
e Suppose tax allowance is made for capital depreciation, the government simply
collects capital taxes on (r; — &§)K; instead of 7K.

Problem of the agent. Given {ry, wy, q;, T&, T }22,, the agent solves
00}

max Z Btu(cy, 1 —ny)
{ctktv1.be+1Me} =0 =0

subject to

FOC’s:

¢t + kepr + Qb = A=tk + (1 —tny + (1 — 8k, + by
Cerker1 20
n; € [0,1]
ko, by given
T4
kevrt —uc(er) + Buc(ep) | =t +1-6|=0

ne: uc(e) M =1H)we —up(1—n) =0
Wi
bey1: —qeuc(ce) + Buc(cepr) =0
ce=(1- Tf)rtkt + (- Tév)tht + (1 = 8)ke + by — keyq1 — qebeyq
TV Gy tll_)lg Bruc(cdkers =0

TVCy gl_f{}o Bruc(c)qibees =0

forallt =0,1,....
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» Optimal solutions to agent’s problem (using aggregate variables).
Given (Ko, By), {2;, G:}i2o, and {tX, 7V, B.,1}2,, the optimal solutions is a sequence
{Ct, Ki11, Nt, 1312 that solves
(1) uc(C) + Buc(Cry (A — )2t Fx (Kpy1, Neyr) +1 - 6] =0
(2) u(C)A = 1)z Fy (K, Np) —up(1—=Np) =0
(3 qeuc(Ce) + Puc(Ceyr) =0
(4) Ci+Kiyq + G = 2F (K, Np) + (1 = 8K,
(5) B¢+ G =tz Fx (K, NO)K; + 1 2 Fy (K, NON; + qBe i
forallt = 0,1, ..., and
tll_)rglo Bruc(C)Kepr =0

th_{folo Btuc(C)qeBeyr =0
(4) and (5) imply the agent’s budget constraint in equilibrium

(6) Ce + Kiy1 + qeBeyq = 1- Tf)ZtFK(Kt'Nt)Kt +(1- T{“V)ZtF(Kt'Nt) N; + 1- 5)Kt + B;

Ry

Define
RE=(1 -1z Fe (K, N)+1-6
RY = (1 — 1)z Fy (K¢, Ny)
Then, (6) implies
(6) C¢+Kiv1 +qeBeir = REK, + RYN, + B,

After tax rates of return in equilibrium

u(Cp_
k= M' Ve > 1
ﬁléc(ct) )
N uf 1 - Nt
=—) vt=0,1,..
‘ uc(Ce)
1 C
O vt =0,1,..

qc  Buc(Ceyr)’

= Note that RX only holds for t > 1. This implies that RX is not defined. Since R¥ is a
function of t& , this means that, depending on how X is chosen (which is
unconstrained in this case), there could be infinitely many equilibria.

* Since ¥ is unconstrained, taxing capital in the initial period is not going to affect
agent’s marginal decisions. So proportional taxes is the same as a lump-sum tax.

= How much to tax capital in the initial period determines the starting level of the
capital of the economy. Government has an incentive to tax a lot in the initial period,
because it doesn’t have to tax much later.

From (6)’,
U (Ci1) uc(Ce-1) up(1—Ng)
6)" C,+K,.1+p—————B = ———K, +——N;+B
() t t+1 B uc(Ct) t+1 ,Buc(Ct) t uc(Ct) t t

[note: =RK if t=0]

Multiply u.(C;) and sum over all periods on both sides of (6)":
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Z ﬁtuc(ct)[ct + Keyq] + Z ﬁt+1uc(ct+1)3t+1
t=0

Z B 1e (€DK, + e (CoRE Ky + Z Bru(1 = NN,

t=0
Zﬁ 4 (COB,

The debt terms will cancel just like in the previous lectures. So

D Bue(€OC, = u(COREK + ) Brue(1 = NN +u(C)Bo
t=0 t=0

> | B Tue(COC = url = NONe] = u (Co)RE Ky + Byl = 0
t=0

This is the implementability constraint, which embeds the equilibrium behavior of the
competitive firms and agents in the economy.

» Problem of the government. Given {z;, Gt}g’io and RX, the government solves
tu(C,, 1 — N,)
{Ct, Kt+1 Nt}t 0 Z g ‘ ‘

subject to
Ct + Kt+1 + Gt = ZtF(Ktl Nt) + (1 - 5)Kt’ vVt = 0,1, e

> BT (COC + up(1 = NN, = ue(Co)[REK, + Bol = 0

t=0
Ky, By given
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Optimal Capital and Labor Taxes (cont’d)

+¢ Problem of the government. Given {z;, Gt}?io, Ky, By, and RY, the government solves

Z Fru(Co1 =N

{Ct, Kt+1 Nt}t 0

subject to
Ct + Kt‘l’l + Gt = ZtF(Kt' Nt) + (1 - 6)Kt, vVt = 0,1, o

D Bile(COC, = up(1 = NN, = uc(Co)[REKo + Bol = 0
t=0
» Note that there are not non-negativity constraints, because it is embedded in the
implementability constraint when solving the agents’ problems.
» Note it is possible that the second constraint to hold with inequality (in the indicated
direction)
» Recall that
RE=(1 -1z Fy (K, N)+1-6
By FOC,

U (Ce—
{f = M, Vvt > 1
Buc(Ct)
So there is an indeterminacy for RX att = 0. The government has an incentive to tax
highly in t = 0 to finance future expenditures.

Let {Btu.}2, be the sequence of Lagrange multipliers on the first set of constraints, and A on
the second constraint. The FOC’s are

Co: uc(Co)—po+ A[uCC(CO)CO +u.(Co) — ucc(Co)[Ré{Ko + Bo]] =0
Ce: Buc(Co) — Brue + A [ucc (CHC +u(C)] =0, t=1
Kevit —Btue + B4 i1 [2eFi (Keyq, Ner) +1 =61 =0
Ny s —B'up(1— Np) + Brupze Fy (K, Np) + A5 [upp(1 — NN, — up(1 =N =0

» Case 1. Long-run.
Suppose z; = z* and G, = G™ for all t = t* = 0, so that economy converges to a steady
state. FOC wrt K;,; becomes
-1+ B[z Fx(K*,N)+1—-6]=0

Compare this to the agent’s Euler equation in and out of steady state:

~uc(Cp) + Buc(Cor DA = 744)Ze 41 Fi (K1, Ney) +1 =61 =0

-1+l -tz Fe(K*,N")+1—-8]=0

This means that in the long-run, the government finances the expenditure solely using
labor taxes, as it doesn’t want to distort the intertemporal trade-off using capital taxes.
Note that this holds only in the long-run.

» Case 2. Preference is u(c,?) = Inc + af.
Rewrite the government’s problem using this preference:
max - B*[In[z.F (K¢, Np) + (1 = 8Ky — Ky — Ge] + a(1 = Np)]

{Kt+1.Nt}E20
subject to

Page 38 of 54



Econ 809 Macro Mar 17, 2011

o, REK, + B, ~
B[l —aN,] — =0
— ZoF (Ko, Np) + (1 — 6)Ky — K1 — Gg
FOC’s:
lgt lgt+1
Kiyq . + C [Zt41Fx (Keg1, Nexr) +1 = 68] =0, t=1
t t+1
Bt
N : C, — 7z, Fy (K¢, Np) — .Bta Btﬂa =0
where

Ce = z,F(K¢e, Ny) + (1 — 6)K; — Ky — Gy

* Note the FOC wrt K, indicates that X = 0 for all t > 2.
=  From the FOC wrt N;, we derive
z:Fy (K¢, Nt)
Ct
This implies that V¥ is constant over time. Compare this to the agent’s FOC:
zeFy (K, N ) (1 — 73 )
C

—a = Aa, Vvt

a=0
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Incomplete Markets

% Some observations:
» Agents differ in characteristics: skill, education, employment status, marital status,
number of children, etc. — Do any of these matter?
» Agents face idiosyncratic risk: health, employment, etc.
» Incomplete markets: agents cannot perfectly insure against idiosyncratic risk.

% Questions / Puzzles (that motivate introduction of incomplete markets and idiosyncratic risk)
Income / wealth distribution

Consumption and income over the life-cycle

Volatility of consumption

Wealth of old households

Consumption post-retirement

Households’ asset portfolio

Default rates

YVVVYVYYVYYVY

< A simple economy
» T<o
» Storage technology — has a rate of return r € R (could be negative), assume 1 +r > 0
» No markets
» Exogenous income
+» Case 1. Non-stochastic income

» Problem of the agent:
T

max z Btu(c,)
{ceare1}i=o o
subject to
ct+am =y +a(l1+7)
Cty A1 20

Ao, {}’t}gzo given
forallt =0,1,...,T.

» Some observations of the problem:
* Could allow for a;y1 = apyy ¢, Wwhere ayy ¢+ could be negative and time-varying (i.e.
assets could be negative; but beware of Ponzi-scheme or payback capability)
= Alternative budget constraint:

1
Ct +qapyq = Y T Ay, CI:1+r
(:>c+a+1= +a
t T 1, Vi t

e This is more like a partial equilibrium version, where there are markets but prices
are exogenous.
= Effects of r. Assume 2 periods, a; = 0, then we can consolidate the budget
constraints in the two periods into a life-time budget constraint:

Page 40 of 54



Econ 809 Macro Mar 22, 2011

Cota; = Yo
ci=y;+a;(1+71)

1 Y1

} > C0+1+r=y0+1+r

e Trleadsto
¢ (intertemporal) substitution effect — c, is relatively cheaper
¢ Income effect — more disposable income for consumption
¢ “human capital” effect — present value income decreases

=  Focus on interior solution. The FOC is
Arpr 2 —Uc(cy) + B +1)uc(cesq) =0, vt=0,1,..

= w.(cpy) = uc(cp)
c\*t+1 ﬁ(l-l—?")
w.(c,) = uc(ce—1) _ uc(ce—2) o u(co)
B+ [BA+N)T? [B(1+ )]
S ule) ==t o
T BA A+ w

e B(1+71r)=1 — c isconstant over time
o L(A+1r)>1 — cry1> ¢
e LA+1r)<1 — cry1 <y

Note that
e There is no hump-shape for consumption profile
e 1 affects the “steepness” of the consumption profile

= Present-value wealth
t: cetag =y +a(l+7)
Start from the last period

Cr—Yr
T: cp=yr+ar;(1+71) = ar = T r
T—1: croy+ar=yrg+ar(1+7)
Cr—Yr
= Cr—q+ Txy Tt +ar_1(1+7)
Cr yr
= Cr—1 +1__|_7,:}’T—1+1__H,+QT—1(1+7”) = ar—q

T—2: crpt[ar—|=yr2+tar1+7)

T T
Ct Z Ve
z—= ———+ay(1+7)
t t 0
L aA+nr o aA+nr

Let the net present value wealth be denoted as

T
Piewss:
WO = t
£ 1+7r)
We have
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uc(co)

B+ 1))

2(1 rrye o

= ¢ =c[fA+1)]

Uc (Ct) =

Assume u(c) = Inc. Then,
1 1

¢ clf(L+1TE
T t

(B +71) ;
2, ((—1+r)f) =0 = @) B =y

t=0 =0
1-p"
= CO 1—ﬁ =Wy
1-p
= ¢o =y(T)wy, V(T)=1——3T+1

y(T) is decreasing in T and y(T) > 1 — B as T — oo,

Suppose (1 + r) = 1. Then, ¢; = c for all t, where
¢ =y(Mwy
Here y(T) is the propensity to consume out of wealth. If T = oo, then
¢t = (1= Bwy, vt
This is the Permanent Income Hypothesis.

++» Case 2. Stochastic Income.
> Letst ={y,, ..., y:} denote the history of income realization up to t
> Let(st) be the probability of history st with Y. ce w(st) = 1, Vt.
» Problem of the agent:

T
t t t
max E E TS JU\ CeS
{Ct(st):at+1(st)}vgst =0t B ( ) ( t( ))

ce(s") + a1 (") =y +a,(s*"H(A + 1)
ce(s9), ap1(s) =20
ay(s~1),st given

subject to

for all t and st.

= Note that budget constraint has to satisfy in every state of the world (not on average!).
* Focus on the interior solution. FOC:

n(sYue(ee(sD) + BA+T) D wls Due(Gena (s) = 0

st+1|st

o —u(c(sD) + A +7) Y w5 (cpra (s1) = 0

St+1
e —ule) + B+ r)E[uc(cey1)] =0
The complete markets analog of this condition is
—u(c:(s9)) + B+ Muc(cy1(st)) =0, Ve st sttt

Page 42 of 54



Econ 809 Macro Mar 22, 2011

The complete markets require that the agent’s payoff is a function of the states of the
world. So agents can equate intertemporal marginal utilities for every state of the
world. However, when the risk is idiosyncratic, the agent can only equate today’s
marginal utility to the expected marginal utility tomorrow.
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Precautionary Savings

% Consider the following example

2 periods, t € {0,1}

No discounting f = 1

ag=0andr =0

y + € with probability 0.5

—¢ with probability 0.5 W 0 <€ <.

Yo 1s known, y; = {
Budget constraints:
t=0: cot+a, =y
t=1: Ci =1 + aq
Letw = Yo + 3_/

YV V VVYV

} = Gt =Yty = |01:)’0+}’1_CO|

» From FOC of the agent’s problem:

—uc(c) + BA+1)Efuc(ces)] =0 = uc(cy) = E(uc(cl))
Write everything in terms of ¢,:

1 1
uc(co) = Euc(W +e€—co) + EuC(W — € —Cp)

This equation governs the choice of ¢, (and also savings decision ay). We are interested

in the sign of dc,/d€:
aco 1 ol 1 ac,
Uec(Co) - Rl 2uCC(W + €+ cp) [1 -—|+ 2ucc(w €—cy)|—1 ~ 3
dc 1 1
e ucc(co)+2ucc(w+e—c0>+2uw<w e <o)l
= Eucc(w +e—co) — Eucc(w — € —Cp)
1
aCO _ z(uCC(W+€—CO) _ucc(W_E_CO))
de

1
ucc(co) + f(ucc(w +€— CO) + ucc(W —€— CO))

* The denominator is negative
» The numerator is positive if and only if

U w+e—cy) —u.w—€e—c)) >0 © u, >0
= Therefore,

660
B <0 © ue>0

If we define s = w — ¢, then

S
66>0 S Ugee >0

= So people not only saves to smooth consumption, they may also save to insure against
the volatility of their future income.

% Definition. Prudence is the propensity to prepare and forearm oneself in the face of
uncertainty.
» Prudence — refers to preferences
» Precautionary savings — refers to behavior
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» Risk aversion v.s. Prudence

= Risk aversion refers to u.. (the curvature of the utility function), and requires u to be
concave

* Prudence refers to u... (the curvature of the marginal utility), and requires u, to be
convex

» Go back to the FOC

1 1
uc(co) = Eluc(c)] = uc(yo—ay) = EuC(y +e+ay) +§uc(3_’ —e+ta)
Suppose yo — .

Uc

[}

a; = 0,nosavingsint =0

u.(y —e)

G =t i+
2 2 _
u.(y)

uc(y + 6)

1 1
uc(}_]) < Euc(y'*' E) +§uc(y_ 6)

uc(cq)

E[uc(c1)] with no savings
= a;, >0 = Ta; until

1 1
U - a) = U+ e+ a) +5uF—c+a)

Page 45 of 54



Econ 809 Macro Mar 29, 2011

Precautionary Saving induced by Borrowing Constraint

% Problem of the agent

max
{Ct(st)lat+1 (St)}tyst

Fo ) Fru(ci(sh)

subject to
(s + ap1(sH) =y +a(s""HA + 1)
c(st) =0
a1 (s9) 20
for all t and all st, and ag(s™1), s™1 given.
> Note that st = (y,, ..., V¢).

Assume ¢, (s%) = 0 does not bind. Let A,(s*) be the Lagrange multiplier on the budget
constraint, and . (s%) on borrowing constraint. The FOC’s are

¢ (sY) : Btuc(ci(st)) — 2, (st) =0 Ve, st
arp1(st) 0 =2(8Y) + E[Appa ST DA + 1) + pe(sH) =0 e, st
Combine the two conditions:

Ae(st) = Btuc(c (sY)
= _ﬁtuc(ct(st)) + B (1 + r)E[uc(Ctﬂ(StH))lSt] +u(sH) =0

= uc(ct(st)) =B+ r)E[uc(cHl(Stﬂ))lst] _ pe(s*)

Bt
Using compact notation,

uc(c) = (1 +r)E[uc(cpsq)]
with equality if and only if the no borrowing constraint a;,; = 0 does not bind (i.e. u; = 0).
ce=y+a(1+r)-— at+1} <
Qpus >0 = ¢ <y +a,(1+r)

a1 =0 = =y, +a,(1+7r) © ulc) = uc(yt +a,(1+ T))

A1 >0 =2 ¢ <y;+a,(1+7r) © uc) > uc(yt +a,(1+ r))
Thus,

uc(er) = max{u.(y, + a,(1 + 1)), B+ 1rE[uc(crs)]}

Assume (1 + r) = 1, and assume

1 Ue = _(C - E)
u(c) = —E(c -0)? =2 Ju,= -1
Ueee = 0

Then,
—(ct —¢) =max{—-(y; +a,(1+71) =), — Ei(ces1 — O}
= —c, =max{—(y; + a,(1+ 7)), —E:(crs1)}
= ¢ =min{y, + a,(1+7), E[cesq]}

» Digression. If u..(c) = 0, then u.(c) is linear, and so E[u.(c)] = u(E[c]). Thus,

uc(c) = B +r)Efuc(cesr)] = B+ r)uc(Elcesq])
When B(1 + 1) =1,

Page 46 of 54



Econ 809 Macro Mar 29, 2011

uc(cr) = uc(Eelcer1]) = ¢ = Eilcpsal

Applying this logic, we have

K/

¢ = min{y; + a,(1 + 1), E[min{y. 1 +ar1(1+71), Eppqlces213}

s Results:

» If the borrowing constraint never binds,

¢t = Etcer],  Wji>0

That is, ¢, follows a Martingale.
» Suppose the borrowing constraints bind for ¢t + j.

Cerj = Yeuj + Aerj(L+7) < Eeyjlcesjin] © Cevj < EeajlCenjan]
= < Et[ct+j+1]

This implies that the agent is going to save in advance to soften the effect of when the
borrowing constraint binds — this is precautionary savings (even without prudence)!!

% Implications
» Borrowing constraint affect current behavior even if they do not bind today.

» If the variance of y;,, increases, then the set of y,,; values for which the borrowing
constraint binds also increases

E[min{y,y; + agp1(1+7), Eryqlces2]}] decreases

Hence c; decreases, savings increase.

If income is more volatile tomorrow (while expected value is the same), then agents
potentially face more borrowing constraints in the future. So

min{y;yq + g1 (1 +71), Epyalces2]}
is weakly lower, and so

¢ = min{y; + a,(1 +7), E [min{y.; +a;1(1+7), Epqlces213}
is lowered.

Page 47 of 54



Econ 809 Macro Mar 31, 2011

Natural Borrowing Limit

R/
A X4

R/
X4

K/

K/
A X4

Lety; € [y, yy] € (0,), and y, follows a stationary Markov process.
Let a;,1 = a — borrowing constraint
Budget constraint of the agent:

ct+ a1 =y +a(1+7)
» Consider an agent with a; = a and that “rolls-it-over”, i.e. chooses a;,; = a. Then,

cta=y.+all+r)
Ce =Y +ar
» Suppose this agent receives y; = y; forever
e =Yy, tar

€20 = y+ar20 > ax-
This is the lowest possible asset level is
YL
a=—-—
r

This is the natural borrowing limit.
= [f the utility function satisfies the Inada conditions, then this borrowing constraint
does not bind.

Recursive problem of the agent

yeY={ ..., y"}where 0 <yl <--<yNand N > 2

t(y'ly) =Pr(yesr = Y'lye =)

B(l+r)<1

Borrowing constraint: a’ > a, where a > —y1/r

Asset state space [a, @], where @ is large enough, so that it doesn’t bind

YVVVYVYY

V(@) = maxu(©) + ) n(yyV(@,y)

y'ey
subject to
c+a =y+a(l+r)
c=0
a >a

Suppose shocks are iid, i.e. y follows an iid process

r(y'ly) =n(y’)
Consider

V(@) = maxu() + ) nGWV(@,y)
yl

subject to
c+a' =y+a(l+r)

But knowing y does not help the agent to predict the future. So can define

x=y+a(l+r)
This is the “cash-in-hand”, and write the problem as
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xl

V(x) = rglcelllxu(c) + B Z n(y")V (y’ +a'(1+ r))

y'ey

subject to
c+a
c
al

VIV 1l

x
0
a
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Recursive Competitive Equilibrium (in Incomplete Markets)

R/
A X4

Individual states: a, y

s Aggregate state: ®(a, y), a (probability) measure of people that has asset a and income y

» The two arguments of @ are both essential because people with the same asset level a but

different income levels y are going to make different decisions

> Let A = [0, a] be the set of possible asset level.
> LetY = {y1,y2,...,y"} be the set of possible “income” level

This is really the efficiency units of labor or individual productivity.
» Assume N >2and0 < y! <--- <yV,
» Assume {y} follows a stationary Markov process, with
n(y'ly) =Pr(yess = y'lye =)
= Let
Py = Power set of Y
B, = set of Borel sets that are subsets of A
S = A XY = setofall outcomes (sample space)
YXs = B, X Py = collection of events (o-algebra)
Typical elements of each of these sets are denoted
A € By, Yy € Py, 8 € Xg
Let
M = (§,Z) = measurable space
M = set of all probability measures over M
® is an element of M.

e Forany 8 € Zg, ®(8) is the measure of agents in the set 8.

% Equilibrium functions:

R/
A X4

» Individual functions: S X M - R
» Aggregate functions (including prices): M - R
» Law of motion for ®: M - M

Law of motion for @ — need a transition function Q
» Need to map ® - @’

> Let Qp((a,y), (A, 4)) be the probability that an agent with current state (a,y) goes to

set (A, &) next period, given a current distribution @.
Qp: S X Zg - [0]
Ll [Sew] ——
outcome  events probability

The function should look like this
00 (@, 1), (A,9) = Lgaymrea) ), 70 1Y)

v'ey
where a’(a, y, @) is the asset decision rule given ®.

= Note that the asset decision rule is endogenous! So the transition equation is also
endogenous.
Then, the law of motion is
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&' (A, ) = f 0o((@), (A 9))dD, V(A1) € s
S

- f 00 ((a,), (A, 1)) d(da x dy)
S

In more compact notation, we write
' = H(D)
where H : M - M.

% Problem of the agent (household)
V(a,y,®) = maxu(e) + f ) 7' ly)V(a’y’,®)

y'ey
subject to
c+a =w@)y+ a(l + r(CD))
c,a' =0
@' = H(d)

¢ Problem of the (representative) Firm
max F(K',N') = [r(®) + 51K — w(P)N/
Kf,N

First-order conditions are
Fe(Kf,N/) = [r(®)+ 8] =0
Fy(KF,NT) —w(®) =0
» Market clearing in factor markets

KfzfadCD:K(CD)
S

NfzfydCD:IV
S

So in equilibrium, factor prices are
r(®) = Fx(K(®),N) — ¢
w(®) = Fy(K(®),N)
% A recursive competitive equilibrium (RCE) is the following list of functions:
»  Value function: V(a,y, ®))
» Individual decision rules: c(a,y, ®), a’(a, y, ®)
= Aggregate policy function: K (®)
e This is optional, just for saving on notations
= Prices: r(®) and w(P)
= Law of motion for the distribution: H (®)
such that for any ® € M, the following conditions hold:
(1) Agents maximize utility, i.e. Va € 4, Vy €Y,
{c(a,y, ®),a'(a,y, @)} = argmaxu(c) + Z n(y'ly)V(a',y', H(D))
c,a e
subject to
c+a =w(@®)y+a(l+r(@))
c,a =0;
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and

V(a,y,®) = u(c(a,y, @) + B Z n(y'ly)V(a'(a,y, @),y H(®))
y'ey
(2) Firms maximize profits, i.e.
r(®) = Fy(K(®),N) — 6
w(®) = Fy(K(®),N)
(3) Asset and goods markets clear:

K(H(db)) = fa’(a, y, ®) dd
S
jc(a, y,®) d® + K(H(®)) = F(K(P),N) + (1 — )K(P)
(4) Law of motiofl for distribution
(A, ) = H(®) (A, ¢) = fs 0((@7), (A 9)dd,  V(Ay) €3

where

Qo((a, ), (A, 4)) = 1(g(ay,w)ea} Z m(y'ly)

yv'ey
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Stationary RCE

% A SRCE is the following list of functions:
» Value function: V(a.y) : S » R
» Individual decision rules: c(a,y) : S » R,and a’(a,y) : S » R
= Aggregate variable: K
= Prices: r and w
= Measure: ® € M

such that

1. Agents maximize utility:

{c(a,y),a'(a,y)} = argmaxu(c) + B Z n(y'lyvia’,y")
o4 y'ey
subject to
c+a =wy+a(l+r)
c,a' =0
and

v(a,y) = u(c(a, ) + B Z n(y'ly)V(a'(ay),y")
y'ey
foralla € Aandally €Y.
2. Firms maximize profits:
r=F¢(K,N)—§
w = Fy(K,N)
3. Markets clear:

K = ja’(a,y) dd
S

F(K,N) = jc(a,y) d® + 6K
s
4. The distribution maps into itself:

O(A,y) = f (@), (A9) dd, V(A y) €Sy
S

where

(@, (AW) = Y@y ) 7OV

y'ey

% Existence and uniqueness of SRCE
» By Walras Law, we only need to verify that one market clearing condition
= Objective: show that equilibrium in the asset market exists and is unique, i.e.

Alr: K(r) =fa;(a,y) do,

demand S

supply
Where does K(r) come from? From the firm’s profit maximization condition:
r=Fg(K(@),N)—§
Let A(r) = [ ar(a,y) d®,.
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e Complete markets: f(1 + r) = 1. So in the incomplete market, interest rate has
the upper bound (871 — 1)

e Note that equilibrium interest rate may not be unique, because A(r) is not
necessarily monotone [unless substitution effect dominates|

e Continuity of A(r) depends on the existence and uniqueness of @,..
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